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Abstract

The goal of this paper is to present Hamiltonian system Mechanics on (2,0)-jet bundles . In conclusion, some
differential geometrical and physical results onthe related mechanic systems have been given.
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1. Introduction

It is well known that the dynamics of Lagrangian formalisms is characterized by a suitable vector field defined
on the tangent and cotangent bundles which are phase-spaces of welocities and momentum of a given
configuration manifold. If M is an m-dimensional configuration manifold [6]. If H: T*M — R is a regular
Hamiltonian function then there is a unique vector field Z on cotangent bundle T*M such that dynamical

equations
iz, &= dH ¢

where ¢ is the symplectic form and H stands for Hamiltonian function. The paths of the Hamiltonian vector
field Zy are the solutions of the Hamiltonian equations shown by
dq' 9H dp; OH

it “ap, ' dt o 2
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where q* and (¢%,p,),1 < i < m, are coordinates of M and T*M . The triple (T*M,¢,H), is called
Hamiltonian system on the cotangent bundle T* M with symplectic form ¢p. Let T*M be symplectic manifold
with closed symplectic form ¢b. In this paper related to Hamiltonian equations Hamiltonian system Mechanics
on (2,0)-jet bundles.

2. The geometry of holomorphic J2% M bundles

2.1 Definition

Let M be a complex manifold, T.M = TM® TM the complexified tangent bundle of (1,0)- and of (0, 1)-

type vectors, respectively. If (zi)i:ﬁ are complex coordinates, then T, M is spanned by {%}_ - and 'i‘zM is
1I=1,n

spanned by {%} moreover TM is a holomorphic vector bundle

i=Tn

Ciwi i A2 o (2 d _ _ '
letZ=(z\,X'=n"=_Y = = =o7) be local complex coordinates in the chart (U; ) from

J20,

we shall the following notations [1].

Z= (zi,x" =i yi= ni(Z)) = (zL,X4Y") 3)
2.2 Theorem
is inT. (12O p)is {2 0 2 inT, (129 - - 9 9 0y .
A local basis inT,(J M)'S{azi'axi“ayi}i:ﬁand in T,(J&9 M) theirs conjugates {az_"aii'ay-i}izﬁ' Due to

. . az' axi ay' ax' ay' ay' . _ .
holomorphic changes on JZ®ar, that is all of —=,=,2X = %L 2 | are vanishing, and also theirs
9z)’ 9z)’ 9z) ' ax) ' ax) ' ay’

conjugates, it follows that local bases from T, (] (ZVO)M‘) change w.r.t. the transformations by the rules:

a
d 928 0% 9 oyoy

3z 871071 9z 9%l ' 02

d _a;zi d ayi d
ax) 07 9% 02 dy!

0 ay' 9 4
o 0z og )
ozl ax' oyl . ozl okl . . L ok .
Infer that — = — =—= but in change — = — contain the second order derivatives of z'. while — contains
9z oax) oy 9z  ox az)

even the 3-th derivatives of z! .

2.3 Theorem
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On T.(J?9nr) the natural complex structure J2 = —I acts as follows:
aN\_ .9 d . 9 d .9
1Ga)=ts G =t - IG)=1as

The dual endomorphism the cotangent space T; (J® M )at any point p of manifold J @9 satifiesJ?” = —I
and is defined by

Jdz)=idZ , JdxX)=idxX , J'(dy)=idy
J@z)=-idz , Jd¥)=-id¥ , J'G)=-idy (6)
3. Hamiltonian Dynamical Systems

In this section, we obtain complex Hamiltonian equations for classical mechanics structured on momentum

space T; (](2'0)]\/[) that is 2m- dimensional cotangent bundle of an m-dimensional configuration manifold M.

Let T; (J@OM)be the momentum space and Z = (zi,xi @yl = ni(Z)) =(zL,XLY), 1<i<mits

complex coordinates

Let almost complex structure J* and Liouville form A give by
L e o it eide 4 % dxd 4 vide 4 o dui
wzi(z dz; + z;dz' + x'dx; + x;dx' + y'dy; + y;dy’) (7
o ST S S S
A=( m):il (z'dz; + z;dz' + x'dX; + X;dx' + y'dy; + y;dy’)
or
* 1 iyp* = 5 I* i ig* < o I* i iyp* > = T * i
A= w) =5 dZ) +7)"(dz) +x"(d%) + X;)"(dx) +y']"(dy) + ¥;]"(dy")
e i ide i dyi _ivide 4 o dud
A= E(—IZ dz; + iz;dz' — ix'dx; + ix;dx' — iy'dy; + iy;dy’)
or
L s o Al <idw 4 % dxd — vido 4 o dul
)L:El(—z dz; + z;dz' — x'dx; + x;dx' — y'dy; + y;dy")) (8

such that w complex 1-formon T; (J @9 ).
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If ¢ =—dA is closed Kahlerianform,then ¢ is also a symplectic structure on T (](Z'O)M).
L s 4 dol — idz. + % dei — vide. + o dvi
¢ =—-dr= —d(il(—z dz; + z;dz' — x'dx; + x;dx' — y'dy; + y;dy"))
¢ = —dA = —i(dz;Adz}) — i(dx;Adx}) — i(dy; Ady?) 9

Let T¢ (J*OM) be momentum space with closed Kaehlerian form ¢ .Consider that Hamiltonian vector field

Z, associated Hamiltonian energy H is given by

Z=17 —z'a+za+x'a+xa+Yia+V
B A TR TN T T 17

Fromthe isomorphism givenin, we calculate by

iz, & = i, (—dA)

(Zla a+Xia+)_(a+Yia+\?a)( (dz;Adz") — i(dx;Adx")
o+ ligg + X'ga +Xigg + V' gy + Vigy) (F1(47Adz) — i(axndx
— i(dgiAdy"))

On the other hand, we obtain as

dH—aHd oH dz oH d oH d aHdi aHd‘ 11
—a—z+a Z+alx+a_—x+ayl"+a_yi“ 11

the differential of Hamiltonian energy. From iz ¢ = dH, we find as

iz, & = dH = Z;dz' + iZ'dz, + iX;dx' + iX'dx; + i, dy’ +iY'dy;

_OH OH  OH . OH  OH . OH
—a—z+a Zi+ g dx + oo X+ay,y+a—}_,iyi (12)

Or

z ~10H 9 10H O 10H O 10H O 10HA 10H 3 13
H=19z02 102107  10%,0x 10x10%, 10y0yl 1dyidy, 1)
1<i<m

Let{Z = (z!,Z;,x',%X;,y,¥;) : 1 < i< m} be the complex coordinates in the momentum space. Suppose that

the curve
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alc C->TM

be an integral curve of Hamiltonian vector field Z, i.e.,

Zy(a®)=a ,tel

In the local coordinates we have

MOENCIGRAGRUGE AGRAGRAG)]

And

) dz'd dz 8 dx'd dx; 8 dy'd dy, 9
Ol(t) ==t ot sttt (14)
dt 9z!  dt 9z; dt 9x' dt dx; dt dy! dt dy;

the Hamiltonian vector field on momentum space T; (J @) with closed Kaehlerian form ¢p.Now, from

Zy(a®) =&,

10H 0 10H 0 10H 0 10H 0 10H 0 10H 0

107,00 1020z 10%,0x  19x19%, | 195,9y'  19y19y,
_dz'd dz @ dx'd dx; 9 +dyi o  dy 3
=dtoz T datoz, T datax T drox, At dy' | dt ay,

then we infer the following equations

10H 8 dz' @ dzi 10H
—— = - —_— = ——
i9z,0z1 dtoz  dt 0z

10HO dz @ dz  10H

- = - = -
i0zidz, dtoz, dt idz

10H @ dx'ad dx! 10H
— - = - = — = ——
iox,0xI dtax  dt i0x,

10H @ d%, 0 d%,  108H
“ioxiox, dtox,  dt iox

10H d dy' @ dy' 10H
—_—_ = — ) — = ——
ioy,0y! dtdy dt 10y

10H @ dy, @8 dy, 10H
_— e — = — ——
idyldy, dtay, dt iy

which are called complex Hamiltonian equations on momentum space T;(J&®M). we have the complex
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Hamiltonian equations given by

dZi_IE)H dz;  10H

@ iz, ' @ 1w

dx' 10H dc;  10H

dt ~ iox ©odt T ioxd
dy! 10H dy; 1 0H
_yZT__ , ﬁZ_T_- (15)
dt i0dy; dt idy!

Thus, by complex Hamiltonian equations ,we may call the equations obtained in (15) on T (](Z'O)M). Then the

quartet (T¢ (JEO M), dy, Zy) is named mechanical system with

4. Conclusions

The solutions of the Hamiltonian equations determined by (15) on the mechanical system

(T (JOM), dy, Zy )are the paths of vector field Zy on T¢ (JEO ).
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