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Abstract

The plane strain problems of the bounded layer medium composed of three different materials contain a crack
on one of the interface are considered. Using Fourier integral transform, the boundary value problem leads to a
mixed integral equation with Cauchy kernel in position and continuous kernel in time. In addition, using a
quadratic numerical method we have a system of Fredholm integral equations with Cauchy kernel in position.
Then, the Jacobi polynomials method, according to the index of integral equation, is used to solve the system of
Fredholm integral equations. Moreover, the developing program is used to computing the approximate solution
and the estimated error.
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1. Introduction

Gdoutos, in his work [1], stated that, fracture mechanics is based on the assumption that all engineering
materials contain cracks from which failure starts. It is known that, cracks lead to high stresses near the crack
growth takes place. In [2], Erdogen and Kaya studied the elasticity problem for an orthotropic strip or a beam
with an internal or an edge crack under general loading condition. In [3], Erdogan discussed some different
method of solution of elastic crack problem, and he described number of related special mechanics problems. In
[4], Matbuly and Nassar analyzed the electrostatic problem of an edge cracked orthotropic strip. The crack
possesses a semi-infinite length. Moreover, the crack surfaces are subjected to opening mode | fracture, by a
concentrated force action.

* Corresponding author.

213


http://asrjetsjournal.org/

American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2017) Volume 34, No 1, pp 213-230

More information for treating the open cracks of the fracture mechanics are found in [5-7]. In other side, many
authors have interested in solving the fracture mechanics with curvilinear hole. Some authors expressed the
solution of fractional mechanics materials in terms of two complex potential functions in the form of Laurent’s
series, see [8,9,10]. Other used complex variables method (Cauchy method) to obtain the solution of fracture
mechanics with curvilinear hole in the form of two Gaursat functions, see [11-16]. In most of the problems of
fractional mechanics materials, we obtain a singular integral equation. For this, many different methods
numerical and analytic are established for solving the contact problems. More information for using the different

methods for solving integral equations in fractional mechanics materials, see [17-21].

In fractional mechanics materials problem, the unknown function (say ¢(x ,t)) may be either a potential or a

flux-type quantity.

In this paper, under certain conditions, the problem of fractional mechanics materials of three layers, after using
Fourier transforms, leads to mixed integral equation in the space L, [—1,1]><C[0,T ], 0<t<T <1. ie, we

will have
upx 1) -2 [ 28Dy afkx y)aly Ody 20 0p0dr=f 0, @D
Ty —X e 0

The formula (1.1) is called mixed integral equation of the second kind in position and time, z is a constant
defined the kind of integral equation. If =0, we have the mixed integral equation of the first kind, if x =0,
we have integral equation of the second kind. A is a constant and has physical meaning. The given function
f(xt)el, [—1,1]><C[0,T] , and is called the free term. While ¢(x,t) is the unknown function. The
interval [-1, 1] is the domain of integration with respect to position x, and &(t,7) is called the kernel of Volterra
integral with respect to the timet €[0,T ;T <1. Then using Chebyshev-Jacobi polynomials according to the

index of the integral equation, the solution of the integral equation is discussed at the index points. Moreover,
some numerical methods, according to the index and the kind of Chebyshev- Jacobi, are considered and the

error estimate, in each case, is computed.
2. Formulation of the generalized problem

Consider a plane strain problem of the bounded layer medium composed of three different materials, see Fig.
(1.1). Let the medium material contains a crack on one of the interface. Without any loss in generality, the half-
length of the crack is assumed unity. Consider with the effect of the ratio of the layer thickness to the crack

length on the stress intensity factors and the strain energy release rate.

For interesting the disturbed stress state, whiles is variable also with time, caused by the crack. We assume that

the overall stress distribution o-i(jo) (x,y,t), in the imperfection free medium, is known. The stress state

o’ (x,y,t), in the cracked medium, may be expressed as
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o (x,y )=’ (X, y t)+o; (x,y,t), i,j=x,y,z (2.1)
Where, o; is the disturbed state, which may be obtained by using the tractions

P(x,t)==cl)(x,0;t); P,(x,t)=—cD(x,0;t), [x|<L te[0T]T <1 (2.2)

yy Xy

I (1,0,)

Figure 1.1

Which are the only external loads applied to the medium (the symmetry is considered with (x =0). The
general problem can always be expressed as the sum of a symmetric component and an anti-symmetric

component. The tractions P, (x ,t), (i =1,2), have the following properties
P(x,t)=P(—x,t), P(x,t)=—P,(—x,t), [x <1, te[0T];T <1.. (2.3)

The solution of the anti-symmetric problem requires only a slight modification. Let U; ,V; be the X,y

components of the displacement vector in the ith materials and satisfy the field equations in the form

0 (ou; ov, du.
# VA + (4 +#i)&(%+gq=ﬁ?uz' 24)
0 [ou;, ov, d¥.
,uiVZVi +(/11 +ﬂ|)5[%+ﬁj:p? (25)

Then, assume the displacement functions in the form
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ui(Xiyvt)ZUi(X!y)+F(t)' (26)

Vi(Xiyvt):Vi(X’y)+F(t)’ (27)

where F (t) is a function of t, will be determined.

Hence, using (2.6) and (2.7) in Egs. (2.4) and (2.5), we have

oV, o, o, 3
(/11+2,Ui)axz + 4 oy +(4 +'ui)8X8y =0, (2.8)
N, N, U, 3
(ﬂ1+2ﬂi)ay2+,ui aX2+(ﬂﬁ +M)8X8y =0, (2.9)
and
dZF(t)_ﬂ
o F(t). (2.10)

The formula (2.10) has a solution

F(t)= Be_\/%t, (F () = 0). 2.11)

In addition, for solving the two formulas (2.8) and (2.9), we use the Fourier integral transform, to obtain

U, (x,y):£'|'[(Ai1+Ai2y)e’“y + (A5 +Ai4y)e”’y]sinaxda, (2.12)
T

0
Vi (x ,y)=§T{[Ai1+(%+y)Ai2]e“y A, +(%—y)Ai4]e“Y}cos axda (2.13)
0

Here, K, have physical meaning, where K; =3—-4v, for plane strain and K; =(3-v;)/(1+v,) for
generalized plane stress, U, are Poisson’s coefficients for each materials, and Aiyj ,j =1,2,3,4, are functions

of a which can be determined from the boundary conditions. After obtaining the values of U; V, , the stresses

may be evaluated by Hook’s law. In particular, the components of the stress vector at the interfaces and

boundaries may be expressed, respectively as

io-iyy = %I{—{“(Ail +ALY)+20-0)AL ™ +[-a(A;+A,,Y)+21-0,)A, Je” }cos axd «,

24, 0
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(2.14)
Lol = 2 HalA + ALY )+ A-20)A T +la(A s +ALy) -0 20)A, B Jsin axda
H Y
(2.15)

On the boundaries, the medium may have formally any one of the following four groups of homogeneous
boundary conditions

@ oy, =0=0,,0U; =0=V, (0 oy, =0=v,,(d)o,, =0=u;, i =1,23(216)

vy T xy

The continuity requires that on the interfaces the stress and displacement vectors in the adjacent layers be equal

i.e.

U, —U; =0V, -V, =00, —0o,, =0; o), —0oy, =0, (2.17)

Now, to represent the problem in the mixed integral equation form, we first assume that at y =0 the bond
between the two adjacent layers is perfect except for the (symmetrically located) dislocationsat y =0, X =y

defined by

a%(u;—u;)zfl(x,t), aix(vz*—v;)zfz(x 1), (2.18)

In addition to (2.18), on the interface y =0, we have the following conditions

ofy —ajy =0, ny —O'f’y =0, (0<x <o, y=0). (2.19)

After some algebraic relations, the components of the stress vector at y =0 and x >0 may be expressed,

respectively as

1+K,

o5, (x,0t) = |inO13 [e™ fauA (@ t) +a,A, (at)}cos axda
3 =0 Ty

+ 2[{H (@A (@) + Hyy (@A, () cos axd o+ tj F@)f, (x,00dr, (220

14K,

afy (x,0,t)= IirTO[EIe“X {8,)A (1) +a,A, (a,t)}sin axda
3 YR Ty
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) t
+3j{H a(@)A,(@,t) +Hp, (@)A, (a.t)}sin axda + [F (0)f (x,0,7)d 7, (2.21)
Ty 0
Where H; ; (&) are the Heaviside functions and A, are the Fourier transforms of f; defined as follows
Aat)=(f(z,t)cosaz dz;  A,(at)=[f,(z t)sin azdz , . (2.22)
0 0

The constants &; depend on the elastic properties of the materials adjacent to the crack only and are given by
ay =—a, =1+4L,4,)/ 4, a, =—ay =—1+24, -L,4,) 4,,
Ay = Koty =Kgpy) 1 (a1, + Kppt5), Ay = (a3 + 1K ) 1 (pty = 113) - (2.23)
Here, g is the shear modulus and A's are Lame’s constants.

The integrals on the right hand side are uniformity convergent. The formulas (2.20)-(2.22) give the stresses

components for all values of X . The crack problem under consideration f, (x ,t)are zero for |X | >1and are
unknown for |X | <1. On the other hand, the stress vector on the interface y =0 is unknown for |x |>1 and is

given as known functions for [x | <1 i.e.
oy, (x,0,t)=P(x 1), o5 (x,0t)=P,(x,t), |x|<1. (2.24)

Using above information and the following symmetric properties in the presence of time

foxt)=F(=x,t);f,(x,t)=—f,(—x,t), we get

_1+Ky

H

P(x,t)= Iim{%'l[fl(z ,1)dz Te“y cosa(z —x)da+ﬁ.l[f2(z ,1)dz x
y-o0 | ot s T
jeay sina(z —x)da+— jzklj (x,2)f (z,t)dz +jF(r)f (x, T)dr]
,1] =1
and

_1+K,

Hs

P,(x,t)= Ilm{ 21 jf (z,t)dz je“y sina(z —x)a+22 J'f (z,t)dz je"y cosa(z —x )dx
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1 12 t
+;jzk2j(x,z)fj(z,t)dz +£F(r)f2(x,r)dr] (2.25)

—1j=1
Here, the bounded kernels K jj are given by
ki (x,2) = [Hy(@)cosa(z —x)da; ky(x,2)=[H,(a)sina(z -x)da,
0 0
kn(X,2)=[H(@)sina(z —x)da; ky(x,2)=[Hy,(@)cosa(z -x)da,  (226)
0 0

Evaluating the infinite integrals in (2.25), passing to the Cauchy theorem in complex analysis, we have

1+K, 1%a,(y,t)d 1 ¢ 1]
a;lg P.(x t) = 7 (x ,t)+;jl¢ f(y_))/ y _alzﬁjléklj (X, y)4, (v .t)dy +££F(I)¢l(x,r)dt 2.27)

1+K, 1

Py t) = L AUy jikzj(x,y)(pj(y,t)dy+aijF(r)¢2(x,r)dT (2.28)

21H3 3y =X 217 Z1j=1 210

d, ay (,u2 + Kzﬂs)"'(ﬂa + K3:u2)

The two formulas of (2.27), (2.28) represent a system of mixed integral equation with Cauchy kernel. For one

layer, we write Eg. (2.27) in the following form

77¢(x,t)—%j p(ly —xDé(y t)dy —A[k (x,y)(y t)dy —A[£(t,2)d(x,7)d e =F (x,t),

1
{p(y -x)=—-1. (2.30)
y —X

The ends +1 are points of geometric singularity. At these points, and for all values of time, ¢(X,t) is
bounded, if it is a potential, and ¢(x,t) has a singularity, if it is a flux-type quantity of system integral
equations. This equation may be arising from the formulation of elasticity problems for the parallel layers
compressed by stamps with arbitrary profile. If the contact between the parallel layers and the stamps is
frictionless the corresponding constant 7 is zero and the related system integral equations is of the first kind,
while, if the contact is perfect adhesion the related system integral equations is of the second kind, where the

lengths of the cracks or size of the stamps are not equals.
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3. The Existence of a unique solution of mixed integral equation:

In this section, we use Banach fixed-point theorem to prove the existence of a unique solution of mixed integral

equation (2.30), under certain conditions. For this, we write (2.30) in the integral operator form

V\/_¢(x,t)=%f (X.)4W g(x.t), (n=0), (31)
where
Wo=Hop+Dop+S&0, (3.2
and
H¢=niﬁflp(|y—x|>¢(y,t)dy,D¢=ﬂk(x,y)¢<y,t)dy; §¢=§l§<t,r>¢(x,r)dr, (33)

Then, we assume the following conditions

i) The two kernels of Fredholm integral term satisfies inL, [—1,1], respectively, for the constants L and M the

following conditions:

(i-a) [k (x,y)|<L,  (i-b) [_1[ j p2(|ly — x|)dydx}2 -M

-1 -1

ii) The kernel of Volterra integral term &(t,7); in the spaceC[O,T], is continuous and satisfies for a constant

N , the condition |£(t,z)| <N, ¥ t, 7e[0T].

iii) The given function f (x,t) is continuous in the space Lz[—l,l]xC[O,T] , and its norm is
t[ 1 2
||f(x,t)||:maxj jfz(x,r)dx dr =R,
o<t<T ol 21

Theorem 1.1: The mixed integral equation has a unique solution in the space L, [—1,1]><C[0,T] , under the

condition
M
7] >[A|(—+~2T (L+N)); T =maxt , . (3.4)
V4

0<t<T

Proof: To prove Theorem 1.1, we must prove the following lemmas.
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Lemma 1.1: The integral operator W maps L, [—1,1]><C[0,T] into itself.

Proof: From the formulas (3.1)-(3.3), the normality of the integral operator H ¢, D¢ and &¢ will take the

forms

A A A
o= 200 1 10 <2 ool < 2T fo, T o
nr n n <t<T
Hence, with the aid of condition (iv) and (3.5), we get
\/ R . -1 M
|77| . 0<t<T

The inequality (3.6) yields that, the operatorVV maps the ball Sp in LZ[—l,l]xC[O,T] into itself, where

oo l[LJ _ 3.7)

l-«o
Since 0< p<1, R >0, therefore we must have (o <1). Moreover, the inequality (3.7) involves that, the

operatorsW and W are bounded

Lemma 1.2: The integral operator (3.1), under the condition (3.4) is continuous and contraction operator.

Proof: For the two functions ¢ (X ,t) and ¢,(x ,t) in the Banach space Lz(—l,l)xC[O,T] the formula (3.1)

after using the conditions (i),(ii) and (iii), then applying Cauchy — Schwarz inequality , yields
_ _ 14 M
”N ¢1_W ¢2||£05||¢1—¢2”, 0!=‘77 l‘ 7+\/§T(L+N) : 3.8)

Hence, W is a continuous operator in the space L, [—l,l]xC [0,T ] , and under the condition (e <1) , W isa
contraction operator . From Lemma 1.1 and Lemma 1.2 and Banach fixed -point theorem, we can decide that the

operator W has a unique fixed point which is the unique solution of Eq. (.2.30). Then Theorem 1.1 is

completely proved.
4. The System of Fredholm Integral Equations

In order to discuss the solution of mixed integral equation (2.30), we use a quadratic numerical method to

transform the mixed integral equation in position and time to system of Fredholm integral equations. For this, let
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t =ti = 0,1,2,..., N, and follow the work of Abdou and Mustafa [22]. Hence, the Volterra integral

term, of (2.30) becomes

g

J.é(ti 7)d(x ,r)dr:_izwjg(ti (x4 +R(x L) (4.1)

0
The values of i and the order of the truncation error Ri are depending on the number of derivatives of &(t,7)

1 1
for all 7 €[0,T |, with respect to t and W ; is the weights, where W, :Eho’ W, :Ehi andw ; =h,,

0< j <i, h denotes the constant step size for integration. Using (4.1) in (2.30) and then after using the

following notations: 4, (x) = g(x,t;), f,(x)=f (x.,t;), &, =St t;), i=0L2,..,n, 0<j<i,we get

1 1

0+ [y XD () + 2Tk G,y ) )y = (0) 42
where
wo=(n+m &), v =fi(x)—z§wj[§i,j¢j(x>], i=012...n. 43)

The formula (4.2) represents system of Fredholm integral equations of the second kind,

To prove the existence of a unique solution of (4.2) according to the Banach fixed- point theorem, we let E be

the set of all continuous  functions ¢p(X) in the space L,[-11] , where

D (x )={ & (X ), (X ),y (X )} and define the norm in the Banach space E by
[©] =max|iéh O, .,y and ¥l =max]s 0O,y -
Consider the following two conditions

(1) max|f; (x )||LZ <Q ,(© imaxpngi’JsP , (Q, P are constants).
i j=0 )

Theorem 2 (without proof): If the conditions (i), (iii), of theorem 1.1 with the two conditions (1) and (2)

are satisfied, then the formula (4.2) has a unique solution in the space E, under the condition:

|/1|(P ++/2L +M7j<\q*\, (7" =max g, Vi),
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5. Jacobi polynomials method for solving system of equations (4.2)

The solution of the problem (4.2) can be written as

dly)=g(yw(y), wx)=@0-x)"@+x)". (5.1)

where the unknown function g (y) is regular on —1<y <1. w(x) is the fundamental function of Eq. (4.2).

The singular behavior of the solution may be characterized by a fundamental function and the index of the

problem. Where the index K =—(a + f); K =-1,0,1. More information for the importance of K can be

founded in [23].

The relation between the values of K and the weight function and the unknown potential function can be

discussed as the following:

1
(1): K =-1. Then, a =E = . Inthis case, the unknown function @(x ) is bounded at both ends.

1 1 1 1
(2): If K =0, this means physically that: az—z;ﬂz? or a:?ﬂ:_g and the weight function, in

each case, can be determined. In this case, the unknown function ¢(x) is bounded at one end and has an

integrable singularity at the other one. In addition, no extra condition is needed (the condition is the constant be

zero), and the solution being a unique.

1
(3): If K =1, then, a = - = . The function ¢(x ) has singularities at both ends, and @(x ) must satisfy an

additional condition

J [FOOL, T =00  #s6)+2 [kly -xDoty)ay =F (0 52)

Once, from the above discuss the unknown function, the fundamental function, w (y ) and he index K ;

K =-1,0,1can be connected by the Jacobi polynomials Pn(“'ﬂ)(y ),(n=0,1,---) inthe form

#(y)=w (y) T¢,PC(y), 53

where C_, (n = 0,1, ) are undetermined constants.

Hence, we represent the solution of (2.30) in the form of (5.3). For this, we use the following famous relation,

see Szegd [24]

223



American Scientific Research Journal for Engineering, Technology, and Sciences (ASRJETS) (2017) Volume 34, No 1, pp 213-230

il (@.f) dy (@.p) _27((Z+ﬂ)1—‘(05)1—‘(r1"‘ﬁ*’l)>< ( Cn e ]-__Xj
ﬂJ‘lw(y)Pn (y)—y_x = cot(za)w (X )P (x) A(nratfil) ,EIn+lL-n-a-4l-a, >

[(x]<), n=0,1,2,---.1 (5.)
1-x

Here, 2Fl(n +1,—n+K;1—a;TJ and P“”(x) are the Hyper geometric function and the Jacobi

polynomials, respectively. Using the following relation (see Erdelyi [25])

P (x) =

I'(n-K +)C(l-a) 2

The relation (5.4), yields

1

EJW (y)Pn(“"”(y)di:—ﬁw (x)P " (x)
T y-x 2

-1

2T(@)r-a)
VA

P”(x)  (56)

Substituting from (5.6) into (4.2), after neglecting the suffix i and using the properties of the gamma function,

we have
N 2" St _ _
nz_éﬂc{ sin(ﬁa)P”‘K (x)+7rhn(x)} w(x), (-1<x<1), (5.7)
where,
h, () = [ w (y)P (y)k (x,y)dy,  (-1<x <1). (58)

The functional equation (5.7) represents an infinite linear algebraic system with unknown coefficients C .
Expanding both sides of (5.7) in the form of Jacobi polynomials P (x); (k =0,1,...). Then, multiplying
both sides by (W (~a,-p)P L (X)), ,and integrating the result from -1 to 1 and using the orthogonal

relation, see Erdelyi [25]

1 0 n =k
J' pn(a,ﬁ) (x )Pk(a,ﬂ) (x W (x)dx = {g(aﬁ) , (5.9)
k

-1

where
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a+f+1
Hk(a'ﬂ) _ 2 I'k +a+1) T'(k +,B+1), (k =01..). (5.10)
2k +a+p+1 k! T(k+a+p+1)
Hence, after truncating the series (5.7), we have
27 24 geeng +7z2d ¢c,=F., (k=01..,N), (5.11)
smmx k k+K nk ko 1y
where
1
dy = [ PEP W (=, =), (x )dx
- (5.12)

= PE P 0ON (B ()

1) Inthe case K = - 1, we note that the first term in the series (5.7) is a constant times C, Pl('“"ﬁ) (x). Hence,
in solving (5.11) it can be formally assumed that c , =0. Also, from (5.7) to (5.12) it is seen that

P P (x) =1 is the first equation obtained from (5.11) .

2) In the case K=0, there are no additional arbitrary constants or conditions, and (5.11) provides (N + 1) linear

algebraic system for the unknown constants Cy,...,Cy .

3) In the case K = 1, the N + 1 equations given by (5.11) contains N + 2 unknown constants, C,...,Cy 4. The

additional equation for a unique solution is provided by the equilibrium or compatibility condition by

substituting from (5.10) and using the orthogonal condition, hence Eq. (1.7.21) yields:
CoO,(a,p)=P. (5.13)

where

g = j wtydt =2rn D@D TBHY (5.14)

INa+p+2)

-1
6. Applications and Discussions

Here, we employ the procedures of the Jacobi polynomials methods to solve (2.30) with z =1 where the exact

solution #(x ,t)=x*?, at timesT =0.5 and 0.9. In addition, we consider the continuous kernel of Fredholm

integral term (L) , while the given function §(t ,T) =17, with k =2 (ks the division of the interval of
y —X
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time [0, T]. In this case, the free function f (X ,t) can be computed from Eq. (2.30). For the Polyurethane and
2Gov
(1-2v)

v=0.22, 0.389 and G =1x10", 0.132x10" , respectively. In our applications, we let N = 40, to get the

the Fibber materials, we compute A=

, that corresponding to the value of Poison ratio

approximate solutions, ¢P , and the corresponding error, E " . In the first case, let K=0, and write in (2.30) the

unknown function ¢(X ) in the Jacobi polynomials form
N &L 1 1
px)=2cw (x)P,7 2 (x), w(x)=(-x)2(L+x) 2, (6.1)
n=0

The unknown coefficients C,,...,C,, can be obtained from Eq. (5.11) and then substituted into Eq. (6.1) to get

the approximate solution. Secondly, if we take K=1, then the unknown function is expressed in Cheypshev

polynomials formula of the first kind as

¢(x):icnw T (x), wX)=(1-x?)2= (6.2)

1-x?

The system of 1Es (5.11) may be solved, after determining the unknown coefficientsC,,...,C _; . In addition,

the physics of the problem requires that the solution satisfy the compatibility conditions, which used to

determine the N arbitrary constants in the solution. In the later case, we assume K = -1, then the unknown

function #(X ) is expressed as

¢(x)=icnw (XU, (x), w(x)=(0-x%)2. (6.3)

In the following Tables (1-1) -(1-3), the results of the approximate solutions ¢” , ¢° and ¢" and the errors E”

E ¢ and E v , respectively, are obtained for different cases of time T =0.5 and 0.9. In this part, we note

the following results:

1.ForT =0.5 and 0.9, the values of the approximate solutions ¢° , ¢ and ¢" equal to zero at X ==+1, or

at x =+1, the values of the errors E” ,E© and E" are equal the exact solutions.

2. The values of E ¢ are less than the other errors E P and E v , where we have
EC <EFP <EY

Case 1 : We apply the Jacobi polynomials method to solve Eq.(5.6)
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Table 1-1
Jacobi polynomials method
t X exact Fibber v=0.22 Polyurethane v=0.389
Appr. error Appr. Error
-1.00E+00 | 2.500E-01 0.000E+00 2.500E-01 0.00E+00 2.500E-01
-4.00E-01 4.000E-02 0. 409E-02 0.254E-04 2.60101E-02 | 0.399E-04
05 -2.00E-01 1.000E-02 0.990E-02 0.858E-05 0.983E-02 0. 817E-05
2.00E-01 1.000E-02 0.10047E-02 0. 053E-05 | 0.2490E-02 0.0 10E-05
4.00E-01 4.000E-02 0. 428E-02 0.057E-05 0.853E-02 0. 011E-05
1.00E+00 2.500E-01 0.000E+00 2.500E-01 0.000E+00 2.500E-01
-1.00E+00 | 0.990E-01 0.000E+00 0.990E-01 0.000E+00 0.990E-01
-6.00E-01 2.916E-01 2.916E-01 1.300E-05 2.919E-01 1. 275E-05
0.9 -2.00E-01 3.240E-02 3.240E-02 0.5 83E-05 | 3.240E-02 0.494E-05
2.00E-01 3.240E-02 3.241E-02 0.504E-05 | 3.241E-03 0.5 04E-05
6.00E-01 2.916E-01 2.917E-02 0.269E-04 2.911E-02 0.310E-04
1.00E+00 0.990E-01 0.000E+00 0.990E-01 0.000E+00 0.990E-01

Table (1-1) show the change of errors E * of Fibber and Polyurethane materials at N = 40 for T=0.5,0.9

Case 2 : We apply Chebyshev polynomials of the first kind to solve Eq.(5.6).

Table 1-2
Cheypshev polynomials method T(x)
t X exact Fibber v=0.22 Polyurethane v=0.389
Appr. Error Appr. error
-1.000E+00 2.500E-01 0.000E+00 2.500E-01 0.000E+00 2.500E-01
-6.000E-01 0. 600E-02 0.600E-02 0.690E-05 0.600E-02 0.490E-05
05 -2.000E-01 1.000E-02 0.998E-02 0.884E-05 0.9999E-02 0.328E-05
2.000E-01 1.000E-02 0.998E-02 0.690E-05 0.600E-02 0. 490E -05
6.000E-01 0. 600E-02 0.600E-02 2.500E-01 9.058E-02 5.856E-04
1.000E+00 2.50000E-01 0.000E+00 2.500E-01 0.000E+00 2.500E-01
-1.000E+00 8.100E-01 0.000E+00 8.100E-01 0.000E+00 8.100E-01
-6.000E-01 2.916E-01 2.916E-01 0.351E-04 2.917E-01 0.1783E-04
0.9 -2.000E-01 3.240E-02 3.244E-01 0.248E-04 3.243E-01 0.102E-04
2.000E-01 3.240E-02 3.244E-01 0. 248E -04 3.243E-01 0.102E-04
6.000E-01 2.916E-01 3.244E-01 0.248E-04 3.243E-01 0.102E-04
1.000E+00 8.100E-01 0.000E+00 8.100E-01 0.000E+00 8.100E-01
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Table (1-2) show the change of errors E © of Fibber and Polyurethane materials at N = 40 for T=0.5,0.9

Case (3) : We apply the Chebyshev polynomials of the second kind U(x) to solve Eq.(5.6)

Table 1-3
Chebyshev polynomials method U(x)
t X exact Fibbery v=0.22 Polyurethane v=0.389
Appr. error Appr. error
-1.000E+00 2.500E-01 0.000E+00 2.500E-01 0.000E+00 2.500E-01
-6.000E-01 9.000E-02 0.600E-02 0.893E-04 0.600E-02 0.873E-04
05 -2.000E-01 1.000E-02 0.995E-02 0.479E-05 0.996E-02 0.995E-05
2.000E-01 1.000E-02 0.995E-02 0.479E-05 0.996E-02 0.873E-04
6.000E-01 9.000E-02 0.600E-02 0.893E-04 0.600E-02 0.873E-04
1.000E+00 2.500E-01 0.000E+00 2.500E-01 0.000E+00 2.500E-01
-1.000E+00 8.100E-01 0.000E+00 8.100E-01 0.000E+00 8.100E-01
-6.000E-01 2.916E-01 2.916E-01 0.819E-04 2.916E-01 0.751E-04
-2.000E-01 3.240E-02 2.240E-01 0.289E-04 2.240E-01 0.102E-04
0.9 | 2.000E-01 3.240E-02 2.240E-01 0.289E-04 2.240E-01 0.102E-04
4.000E-01 1.296E-01 1.296E-01 0.148E-04 1.334E-01 0.826E-04
6.000E-01 2.916E-01 2.916E-01 0.819E-04 2.916E-01 0.751E-04
1.000E+00 8.100E-01 0.000E+00 8.100E-01 0.000E+00 8.100E-01
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