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Abstract

Differential Geometry is the language of modern physics and provides us with a new technique of solving the
problems related to the calculation of the plane and surface with parameters. There is a lot of application of
Differential Geometry in calculating some of the geographical problems. Finding the distance between my
house to my friend’s house in the next block is very easy but the approach to calculate the distance between two
places holds true only to a certain extent. In this paper we have tried to build a method for finding the distance

between two places on the surface of the earth using differential Geometry.
Keywords: Great circle; Sphere; Latitude and Longitude.
1. Introduction

It is imagined that the earth is a perfect sphere with an axis around which it spins. The end of the axis are the
North and South Pole. Every places of the earth has its latitude and longitude which are considered as the
arcs of the circles. The shortest distance between two places that covered by great circle as geodesics on a
sphere are the arcs of great circle [5]. With the help of spherical trigonometry and by using latitude and
longitude we can calculate the distance and direction from one place to another on the surface of the

earth with respect to the geographical north pole or south pole.

* Corresponding author.
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1.1. Sphere

A sphere is a solid figure such that every point of its surface is equally distant from a fixed point with in it,
which is called center of the sphere. The straight line drawn through the center and terminated both ways by the
sphere is called a diameter and any straight line joining the center of sphere to any point on the surface is called
a radius of the sphere.

1.2. Theorem

1.3. If the arc S of a circle with radius r subtends an angles 6 at the center then S = r8 where 0 is measured

in radians

Figure 1

2. Spherical Triangle

A spherical triangle [3] is the proportion of a sphere bounded by three arcs of great circles. The arcs are

its sides and spherical angles between the arcs are its three angles.

2.1. Cosine Formula

Figure 2
To find the value of cosine of an angle of a spherical triangle in terms of cosines and sines of the sides [3].

ABC is spherical triangle, O the center of sphere. Draw two tangents at A to the arc AB and AC which
intersect the lines OB and OC extended to D and E respectively.
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Join DE. Then A = £DAE.
Let £DOE = a. Now, in the triangle DOE
DE? = 0D? + OE? — 20D.0E.cos DOE @8]
Again in the triangle DAE
DE? = AD? + AE? — 2AD.AE.cos DAE 2)
Subtracting (2) from (1)
0 = OD? — AD? + OE? — AE? 4+ 2AD.AE.cos A — 20D.0E.cosa
Also the angles OAD and OAE are right angles, sothat 0D? = 0A? + AD? and OE? = 0A? + AE2.
Hence we have
0 = 0A% + OA? + 2AD.AE.cos A —20D.0E.cosa
Changing sides

_ 0OA 0A+AD AE
cosa—ﬁ'ﬁ E'ECOSCI

Therefore
cosa = cosb cosc + sinb sinc cos A
Similarly we can prove that
cosb = cosccosa + sincsina cos B
and cosc =cosacosb +sinasinbcosC.
2.2. Sine Formula
To prove that the angles of a spherical triangle are proportional to the sines of the opposite sides [3].

That is,
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Figure 3

sinA sinB sinC

sina sinb sinc

Proof. We already proved in cosine formula that

cosa — cosbcosc
CosA =

sinb sin ¢

s Si? A = 1— cos? A = 1_((:osa—cosbcosc)2

sin? b sin? ¢

_ (1= cos?b)(1 — cos?c) — (cos’a + cos?hcos?c — 2 cos a cos b cos ¢)

P2
or, sin“4 = - ;
’ sin? b sin? ¢
.2 (1-cos?b—cosZc+cos?bcos?c)—(cos?a+cos?bcos?c—2 cos a cos b cos c)
or, sin“A= - -
sin? b sin? ¢
i (1 — cos?a — cos?b + cos?c + 2 cos a cos b cos ¢)
or,sinA =

sinb sinc

We have taken only positive sign, with the radical as we know that the angle and sides of a spherical

triangle are each less than two right angles and such sin 4 , sin B , sin C are all positive.

sinA /(1 — cos?a — cos?b + cosc + 2 cos a cos b cos ¢)

sina sinasin b sinc

The symmetry of the result shows that

sinB /(1 — cos?a — cos?b + cos?c + 2 cos a cos b cos ¢)

sinb sinasin b sinc

4 sinC /(1 — cos2a — cos2b + cos?c + 2 cos a cos b cos )
an =

sinc sinasin b sinc

So we have
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sinA sinB sinC /(1 — cos?a — cos?b + cos?c + 2 cos a cos b cos ¢)

sina sinb sinc sinasinbsinc

sinA sinB sinC

sina sinb sinc

W E
" ‘ !
5

Figure 4

3. Shortest Distance and Direction Between Places

Let NAB be the spherical triangle where A and B the two places on the sphere of the earth. 4 = (x,°N , y,°E)
B = (x,°N , ¥,°E).

N be the north pole. “O” be the center of the sphere of the earth. Let, LZAOB =n, 2BON = a, £AON = b.
We have to find out the shortest distance between the given two places and the direction of the two places

towards North pole.

3.1. Calculation for the shortest distance between A and B towards North pole

We have from cosine rule of spherical trigonometry

cosn = cosacosb + sinasinb cos N

= c0s(90° —x,°) cos(90° — x,°) + sin(90° — x,°) sin(90° — x,°) cos(y,° — y;°)

= sinX,°sinx;° + cos x,° cos X, ° cos(y,° — y1°)

» n = cos™! {sinx,°sinx;° + cos x,° cos x;° cos(y,° — y;°)} 1)

~ The distance between A and B =the length of the arc of the great circle passing through A and B =d =
R.n (R =Radius of the earth).

By equation (1) we can easily find out the value of n for any two places and hence we can find out shortest
distance d.

3.2. Calculation for the direction
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From spherical triangle using sine rule

sinA sinB sinN

sina sinb sinn

) sinasin N
or, sihnd=———
sinn

sin(90° — x,°) sin(y,° — y;1°)

or, sind = -
sinn
cos x,°sin(y,° —y,°
or, sind = 2 .(YZ ¥1°%) (2)
sinn
Similarly,
cos X,°sin(y,° —y,°
sinB = 1 .(Yz ¥1°) 3)
sinn

By, these two equations we can easily find out the direction of any place with respect to another place towards
North Pole.

4. Examples

4.1. Example

To find the shortest distance and direction from one towards the other between London (U.K) and Bangkok
(Thailand) towards North Pole.

Here, A = London; x; = 51.30°N
y; = 0.10°W
B = Bangkok; X, = 13.44°N
vy, = 100.30°E

N =y,°—y,° = 100.30 ° — (—0.10°)

= 100.30° + 0.10° = 100.40°

We know from Spherical Trigonometry,

n = cos™! {sin x,°sin x;° + cos x,° cos X;° cos(y,° — y;°)}

= cos™* {sin 51.30°sin 13.44° + cos 51.30° cos 13.44° cos 100.40}
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= cos~1(0.1813931 — 0.1097772)
= cos~1(0.0716159)

= 85.8931980°
— 85.8931980 X —— radi
= . 180 raailan

= 1.4991191radian

Calculation for the shortest distance:

Radius of the earth, R = 6378.388 kms

-~ Shortest Distance between London and Bangkok is,

d=R-n

= 6378.388 x 1.4991191 = 9561.96 kms

So, the distance between London and Bangkok is 9561.96 kms.

Calculation for the direction of London and Bangkok towards North Pole:

From the sine rule on spherical triangle we have,

oS X,° sin(y,° — y;°)
sinn

sin4 =

_cos 13.44°sin 100.40°
" sin85.8931980°

= 0.9590979
« 2A = sin"1(0.9590979)
= 73.56°

cos x1°sin(y,°-y1°)
sinn

Again, sinB =

_cos 51.30°sin 100.40°
" sin85.8931980°

= 0.6165539
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~ 2B = sin~1(0.6165539)
= 38.07°
The direction of Bangkok with respect to London towards graphical north pole is
2A =73.56°
The direction of London with respect to Bangkok towards graphical north pole is
<B = 38.07°

4.2. Example

To find the shortest distance and direction for Dhaka and Munshiganj towards North Pole.

Here, A = Dhaka; x, = 23.42°N
y1 = 90.22°F
B = Munshigang; x, = 23.32°N
¥y, = 90.32°F

N=y,°—y;°= 90.32°—-90.22° = 0.10°
We know from Spherical Trigonometry,
n = cos™! {sin x,°sin x;° + cos x,° cos X;° cos(y,° — y;°)}
= cos ™! {sin 23.42° sin 23.32° + cos 23.42° cos 23.32° c0s(90.32° — 90.22°)}
= cos~1(0.157344 — 0.842653)
= c0s71(0.999997)

= 0.1403345°
= 0.1403345 X —— radi
= V. 180 raaitan

= 0.002449 radian

Calculation for the shortest distance:
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Radius of the earth [3], R = 6378.388 kms

~ Shortest Distance between Dhaka and Munshiganj is,

d=R-n

= 6378.388 x 0.002449

= 15.6237 kms

So, the distance between Dhaka and Munshiganj is 15.6237 kms.

Calculation for the direction of Dhaka and Munshiganj towards North Pole:

From the sine rule on spherical triangle we have,

cos X,° sin(y,° — y1°)
sinn

sinA =

_ €0s23.32°sin(0.10°)

sin 0.140345° = 0.654553

~ £A = sin71(0.654553)
= 40.89°

€0s X1°sin(y,°-y1°)
sinn

Again, sinB =

_ €0s 23.42°sin(0.10°)
~ sin0.140345°

= 0.653829

= 2B = sin"1(0.653829) = 40.83°

The direction of Munshiganj with respect to Dhaka towards graphical north pole is

¢A = 40.89°

The direction of Dhaka with respect to Munshiganj towards graphical north pole is

<B = 40.83°
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5. Conclusion

Differential Geometry is related to Astronomy and Geographical problems. Some practical examples are
discussed in this paper. The aim of this paper is to find a mathematical method of finding distance and direction
between two places on the surfaces of the earth with respect to the geographical north pole or south pole. Since

the radius of the earth is not perfect, so the distance and directions found here are approximate.

References

[1]. Bartholomew, J. Times Atlas of the world Vol-1I. London: Time Publishing Company Ltd, 1959.

[2]. Dr. Md. Showkat Ali. Tensor Analysis with Applications. Bangladesh: Educational Publishers, 2006.

[3]. Duncan, J.C. Astronomy. Newyork: Hamper and Brothers, 1946.

[4]. Harry Lass. Vector and Tensor analysis. Mc Graw-Hill Book Company, 1950.

[5]. Lipschutz, M.M. Differential Geometry. Newyork, Toronto, Sydney: Mc Graw-Hill International
editions, 1969.

[6]. Mital, S.C. and Agarwal, D.C. Differential Geometry. India: Krishna Prakashan Mandir, 1994.

[7]. M.L. Khanna, Differential Geometry. India: Jal Prakash Nath and Co Mandir, 1976.

[8]. Pandey, H.D., Malik, G.S. and Gupta P.P. Tensors and Differential Geometry. Pragati Prakashan, 2006.

[9]. Struik, D.J. Lectures on Classical Differential Geometry. USA: Wisley Publishing Company, Inc,,
1961.

[10]. Weatherburn, C.E. Differential Geometry of three dimention, Vol-1. London, Newyork: Cambridge
University Press, 1939.

60



	[8]. Pandey, H.D., Malik, G.S. and Gupta P.P. Tensors and Differential Geometry. Pragati Prakashan, 2006.

