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Abstract

The results of Chandra to (e,c) means U.K.Shrivastava and S.K.Verma have proved the following theorem
THEOREM : Let f € C,, N Lip «,0 <x< 1. Then

llts = £ll = o(n™"7z),

Where t5(f; x) is nth (e, ¢) means of fourier series of f at x.

In this paper we obtain the Fourier series by (N,p,q)(E,1) which is the analogues to the (e, c) means given

above .The theorem is as follows

THEOREM: Let {p,} and {q,} be the positive monotonic, non increasing sequence of real numbers be
summable (N,p,q)(E,1) to f(x) at the point t=x is

th — f(x) = 0(1)
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1. Introduction

Let {p,} and {q,,} be the sequences of constants, real or complex, such that

n
Bp=p1+p+ps+-pp =Zpr—>°°,asn—>°°.
=0

=1+ q@+qs+ gy =2"-0qr > ®,asn - o, (1.1)

n
Ry = Poqn + P1Gn-1 + P3qn-2 + = Pnqo = Zprqn_r — 00,asn = 00

=0
Given two sequences {p,,} and {q,,} convolution (p * q) is defined as
Ry = (p # @n = Xi=0Pn—r dr (12)

Let Yoo U, be an infinite series with the sequence of its nth partial sums{s,, }.

We write t29 = i o PnrQr (1.3)
If R,, # 0, for all n, the generalized Norlund transform of the sequence {s,} is the sequence{t,’j'q}.
If t?? - S, as n — oo, then the series Y%, u,, or sequence {s, } is summable to S by

Sn = S(N,p,q) (1.4)
The necessary and sufficient conditions for (N,p,q) method to be regular are

Yr=olPn—rar| = 0(IRy1) (1.5)
And p,,_, = o(|R,,]), as n — oo for every fixed k > 0, for which g,. # 0

Ey = 30() s (1.6)
If E} > s,as n - oo, then the series Y5, u,, is said to be (E,1) summable to s (Hardy [1] ) :

paE _ 1 yn 1
=4 _E r—0 pn—rqrEr

1 1
= E 277}:0 Pn—rqr 2k Z¢=O(f)sr (17)

If TP%F - 00,asn — oo, then we say that the series ¥, u, or the sequence {s,} is summable to S by
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(N,p,q)(E,1) summability method.
2. Structure

2. Degree of approximation by borel means and (E, Q) means were obtained by Chandra [4] and [5] respectively
.Extending the results of Chandra to (e,c) means U.K.Shrivastava and S.K.Verma[9] have proved the following

theorem
THEOREM : Let f € C,, N Lip « ,0 <x< 1. Then
lltg — £l = o(n™"72),
Where t£(f; x) is nth (e,c) means of fourier series of f at x. (2.2)
Our theorem fourier series by (N,p,q)(E,1) is the analogues to the (e,c) means theorem, which is as follows

THEOREM: Let {p,} and {q,,} be the positive monotonic ,non increasing sequence of real numbers be

summable (N,p,q)(E,1) to f(x) at the point t=x is
(v = f(x0) = o(1)
Proof of the above theorem required some lemmas

3. Lemmas
Lemma 3.1-For0 <t < % |K, ()| = o(n)

Lemma 3.2- If {p,} and {q,,} are non negative and non increasing, then for0 < a < b < 0,0 <t < 7, and any

cos”(Y/,)sinr+1)(¢/,)| R
2 2| _ (i)

n we have — Z?:a Pn—rQr sin(t/z)

1
2TRp

4. Proof of Theorem

Let f(t) be a periodic function with period 27 and integrable in the same sense of Lebesgue over the interval

(-mm)

Let its Fourier series be given by
f)~ % ay + Y1 (aycosnt + b,sinnt) (4.2)

Following Zygmund [3] , the nth sum s,, (x) of the series at t=x is given by
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sin(n+1)t

sin(/,) dt

sn(0) = F(X) + 5[5 8(0)

So the (E,1) mean of the series at t=x is given by

n

B =5 (1) s

=0

1™ 8. (Somy (]
=f(x)+ iy fr:o sin(tjz) y; (:) sin (r + E) t} dt

Im{ei/2(1 + e*)"}dt

1 T
oo+ f®xﬂ

2+ ) sin(t/2)
0

fﬂ Bx () I
0 sin(t/2)

=f(x) + ﬁ m{e®/?(1 + cost + isint)"}dt

=fo+ 2n11n f sii’é;)z) Im {e”/ZZ"cos" (%) (cos% + isin %)n} dt
0

=f@)+ 2n11n fsfl)éj)z) Im {eit/ZZ”cos" (g) (cos%t + isin %t)} dt

0

cos™(t/2)sin(n + 1)(t/2) dt

sin(%)

p— 1 [
—ﬂm+5!m@

Therefore

1/n

#”m—ﬂm=f K,(D8,(Ddt
0

o

1/n

We have

1/n

|Msf%ﬁmmmm
0

=0(n) fol/nla)x(t)l dt (using Lemma 3.1)
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=)

=o0(1)asn -» o

Now

S

TARS f|1<n(t)| 10, (x)|dt (Where 0 < & < 1)
1/n

¢ (R .
= f 0 ( tR() > |9, ()| dt (using Lemma 3.2)

1/n

8

ARy [T/

1/n
0 R(1
B fd( (t/t)>®"(t)]

1/n 1/n

9

=zl

{R(l/ 2 wx(t)}

5
-0 (R(ln)) to (a 1n)) o (R(ln)) [1'/[1 0, (t) {d (%f/g/t)»‘

= 0(%)4—0(%@) +0(1)

=o0(l),asn > o

Now

I = f 1K, (6118, (0] dt
I}

By Riemann-Lebesgue theorem and regularity of the method of summability we have
I; =0(1),asn > o

Combining (4.6),(4.7) and (4.8) we get

(N = f(0) = o(1)

This completes the proof of the theorem.
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5. Conclusion
We conclude that the above theorem which is proved in (e,c) means can be proved by (N,p,q)(E,1) means.
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