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Abstract

The Bell’s polynomial matrix is expressed as B,, where each of its entry represents the Bell’s polynomial
number.This Bell’s polynomial number functions as an information code of the number of ways in which
partitions of a set with certain elements are arranged into several non-empty section blocks. Furthermore, thek-
Fibonacci matrix is expressed asF,(k), where each of its entry represents the k-Fibonacci number, whose first
term is 0, the second term is 1 and the next term depends on a positive integer k. This article aims to find a
matrix based on the multiplication of the Bell’s polynomial matrix and the k-Fibonacci matrix. Then from the
relationship between the two matrices the matrix Y, is obtained. The matrix Y,is not commutative from the
product of the two matrices, so we get matrixZ,.Thus, the matrix Y, # Z,, so that the Bell’s polynomial matrix

relationship can be expressed asB,=F,(k)Y,=Z,F, (k).
Keywords: Bell’s Polynomial Number; Bell’s Polynomial Matrix; k-Fibonacci Number; k-Fibonacci Matrix.
1. Introduction

Bell’s polynomial numbers are studied by mathematicians since the 19th century and are named after their
inventor Eric Temple Bell in 1938[5]. Bell’s polynomial numbers are represented by B, for each n and
kelementsof the natural number, starting from B, ,=x,and B, ,=x' [2, p. 135]. Bell’s polynomial numbers can be
formed into Bell’s polynomial matrix so that each entry of Bell’s polynomial matrix is Bell’s polynomial

number and is represented by B, [11].
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Reference [1] discuss the relationship of Bell’s polynomial numbers and Stirling number of the second kind
involving Bell’s number, Reference [5] discuss the relationship between repetition of partition vectors for Bell’s
polynomial number, Reference [6] discusses Bell’s polynomial number involving binomial lines, Qi and his
colleagues [7] define the relationship between Bell’s polynomial number andStirling numbers of the first kind
and Stirling numbers of the second kind, Wang and Wang [10] discuss the relationship of the Bell’s polynomial
matrix by involving the Pascal matrix and the Stirling matrix. Reference [11] also define the relationship of the
Bell’s polynomial matrix with the Fibonacci matrix, and from the relationship of the two matrices matrix M,
and matrix N, are obtained, so the Bell’s polynomial matrix is defined as B,=F,M,andB,=N,F,. The k-
Fibonacci number is discovered by [3]. The k-Fibonacci number is denoted by F , for each k and n elements of
the natural number. The k-Fibonacci number can be formed into a k-Fibonacci matrix and denoted byF,(k).
Reference [4] discuss the k-Fibonacci modulo m, Reference [8] discuss the relationship between the k-Fibonacci
sequence and the generalization of the k-Fibonacci sequence, Wahyuni and his colleagues [9] discuss the
identity associated with the k-Fibonacci sequence modulo ring Zs and R,. Reference [3] also defines the
relationship of the k-Fibonacci matrix with Pascal matrix, and from the relationship of the two matrices L,matrix
and Rn matrix are obtained, so the Pascal matrix is defined as P,=F,(k)L, and P,=R,F,(k) for each element n
and k natural numbers. This article discusses the Bell’s polynomial matrix involving the k-Fibonacci matrix
F, (k) and the inverse k-Fibonacci matrix E; 1 (k)which aims to find two matrix forms. Furthermore, by studying
the relationship of the Bell’s polynomial matrix and the k-Fibonacci matrix, the second part discusses the
supporting theory of the Bell’s polynomial matrix and the k-Fibonacci matrix, in the third part the results of the
relationship between the two Bell’s polynomial matrices and the k-Fibonacci matrix, and in the fourth section

presents the conclusion of this research.
2.Bell’s Polynomial Matrix and k-Fibonacci Matrix
Bell polynomial numbers are defined by Comtet [2, p. 133] in Definition 1.

Definition 1 The Bell’s polynomialare the polynomialsB,yx = Bnu(Xy, X2, ..., Xnks1) In infinite numbers of

variablesx, X, ...,defined by formal double series expansion

" " k
=P (tu):= expfu Exmﬁ = E Bn,kﬁu,

m>1 n,k>0

" (xC
=1+ Z—'{Z u"Bn_k(xl , X2, )},
n:

n=1 k=1

or, the amount is the same as the series expansion

k
1 lm tn
o E Xy | = E By y—#k=0,1,2, ..., n.

m>1 n>k

Based on the definition of Bell’s polynomial number, Comtet [2, p. 134] gives Theorem 2 for Bell’s polynomial
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number.

Theorem 2 Bell’s polynomial numbers have integer coefficients, where the number equalsk and the weight

equalsn expressed by

Bﬂ,k (xl’xz’ oo Xkl ) _Z#"(%)q (%)cz (%)cn.kﬂ . (1)

LeniCpprl

The sum is taken over all rows ¢y, c,,..., ¢,_,,, for nonnegative integers such that up to two conditions the

following are met:

(I) gttt cn—k+1:k’
(ii) cp+2c+3¢3+ -+ (n—k+1ec,_,, ,=n

Then the Bell’s polynomial numbers to n is the number

Bn,k:Bn,k (xl,xz, cees Xkt 1 )
Proof.Proof of this theorem can be seen in Comtet [2, p. 134]. ]

The Bell’s polynomial matrix is a lower triangular matrix where each entry is a Bell’s polynomial number.

Wang and Wang [11] provide the Bell’s polynomial matrix in Definition 3.

Definition 3 For each natural number n, the Bell’s polynomial matrix n X n with each entry being the Bell’s

polynomial numbers is expressed as
(B,)ij=[B;]foreachi,j=1,2,3, ..., n (2)

Based on the Bell’s polynomial matrix definition, the general form of the Bell’s polynomial matrix is stated as

follows:
Bl,l Bl,2 31,3 Bl,j
Byy By, By B,
B,=|B31 B3y B3z - By
: : oo |
1B,y B B - Bl

The next discussion is the k-Fibonacci number. The k-Fibonacci number is defined by Falcon [4] in Definition 4.

Definition 4For each natural number n and k, the k-Fibonacci number is defined as

Fypi1=kFy, + Fyoq for n>1,  (3)with initial conditions F; ;=0 and F ;=0.
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Furthermore, like the Bell’s polynomial matrix, the k-Fibonacci matrix is also a lower triangular matrix with

each entry a k-Fibonacci number. Reference [3] gives the definition of the k-Fibonacci matrix in Definition 5.

Definition 5For each naturalnumber n, thek-Fibonaccimatrix nxn whose entry is k-Fibonacci numbers

expressed byFn(k)=[}‘iJ(k)], foreachi, j=1,2,3, ..., n, are defined as

Frizj+1, {2,

13 (k):{ 0, if i<j. @

Based on the definition of the k-Fibonacci matrix, the general form ofk-Fibonacci is stated as follows:

1 0 0 0

Fo 1 0 0]
F,(b=|Fis  Fro 1 e 0f .

Fk,n Fk,n—l Fk.n—Z 1J

Furthermore, from the general form of the k-Fibonacci matrix the k-Fibonacci matrix F,(k)is obtained with the
main diagonal of 1 and the determinant value (det) of the k-Fibonacci matrix F,, (k) is the result of multiplying
diagonal entries, so we get det (F, (k) )=1. Because det (¥, (k) )# 0, the k-Fibonacci matrix F,(k) has an inverse.

Reference [3] provides a definition for the inverse k-Fibonacci matrix in Definition 6.

Definition 6LetF, ! (k)be the inverse of the k-Fibonacci matrix, for each natural number n where each entry of

the inverse k-Fibonacci matrix?,” ! (k) = [fl-fj(k)], foreachi, j=1,2,3, ..., n, is defined as

1, ifi=j,
s o ) =k if i =15,
foy®=1 _y. ifi—2=" )

0, for others.

Because the k-Fibonacci matrixF,(k) has an inverse, then F, (k)F, ' (k)=I,=F ' (k)F,(k) can be applied, so the
k-Fibonacci matrix is an invertible matrix.Based on the definition of the inverse k-Fibonacci matrix, the general

form of the inverse k-Fibonacci matrix is

1 0 0 0
|[—k 1 0 o]|
I [ T S |
F ) | 0 -1 —k 1 0 o|' ©)
lo o o -1 —x 1

Based on equation (6) it can be concluded that for each entry of the inverse k-Fibonacci matrix £, (k) applies to

each entry pattern in thecolumnf; (k)with entries1, —k, — 1 and 0. This applies to the matrix nxn where the

entry patternf;’; (k) does not change.
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3. Relationship of Bell’s Polynomial Matrix and k-Fibonacci Matrix

This section discusses the relationship between the Bell’s polynomial matrix and the k-Fibonacci matrix. The
first relationship of the Bell’s polynomial matrix and the k-Fibonacci matrix involves the inverse of the k-
Fibonacci matrix with the Bell’s polynomial matrix, so that the matrix is denoted by the matrix Y, for each of
the natural numbern. The relationship between the two Bell’s polynomial matrices and the k-Fibonacci matrix
by involves the multiplication of the Bell’s polynomial matrix and the inverse k-Fibonacci matrix, so that a

matrix is denoted by the matrix Z, for every natural number n.
3.1 The First Relationship for the Bell Polynomial Matrix and the k-Fibonacci Matrix

Based on the inverse ofk-Fibonacci matrix in equation (5) and the Bell’s polynomial matrix in equation (2), for n

= 2 multiplying the inverse k-Fibonacci matrix F5 ! (k)and Bell'spolynomial matrix B,yields

LT [

Thus, the product of F5 (k)B is expressed as a matrixY,, so a matrix Y,is obtained as follows:

Y—[ X1 0]
2_ X, — kx X% )

Next for n = 3 multiplying the inverse of the k-Fibonacci matrix 3 ! (k) and the Bell’s polynomial matrixB;gives

F3_1(k)33 = [— ]
-1 -k 1 3x1x2 x3

Thus, the product of F;‘(k)B3 is expressed as a matrix Y3, so a matrix Y5 is obtained as follows:

X 0 0
Y3= X —kx1 x% 0 .

X3 — kX2 — X 3X1XZ - kx% x?

Next for n = 4 multiplying the inverse of the k-Fibonacci matrix F,; !(k) and the Bell’s polynomial

matrixB,produces

1 0 0 0 [ 02 0 0]

e |k 1 0 0 . ;
Fy (kB, -1 —k 1 o0 | 3x1x; x Ol.
0 -1 _k 1 |_)C 4.X1)C3 + 3)(% 6)(3%)(2 X?J

Thus, the product ofll?’Zl(k)B4 is expressed as a matrixY,, so a matrixY, is obtained as follows:
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[ X1 0 0 O]
v—| X, — kx; x? 0 0 |
Yy — ke, — x; 3xyx, — k? x3 ol
I)(4 —hry —x,  Axyxy + 3x3 — kgrox;  6x3x, — kol x‘fJ

By paying attention to each entry in the matrix Y there is a matrix Y;and by paying attention to each entry in the

Y; matrix there is a ¥, matrix, for 2>; all values of theY, matrix entries are listed as Table 1.

Table 1: Element values for matrix Y,

MatrixY, Entry Matrix¥, Entry Value
Y1 (1)31,1231,1
Vas (1)By,=B,,
V33 (1)B;33=B33
Yaa (1)34,4=B4,4
V) (=K)By 1 + (1)By, =By — kB
Vs (=k)Byy + (1)B3,=Bs, — kB, 5
Va3 (=K)Bs3 + (1)By3=By3 — kB33
V3 (=DBy + (=k)By,; + (1)B3 =83, — kB — By
Yo (=1)By, + (=k)B;35 + (1)B42=B4> — kB3, — By,
V4 0B+ (=1)By; + (—k)B3; + (1)B41=B4 ) — kB3 — By — 0
Vi =Bi,j - kBi-l,f - Bi-z,j

Then paying attention to each step of Table 1 by paying attention to each matrix entryyl,j and the matrix valueY,,

obtained Definition 7 can be stated.

Definition7For each natural number n, the matrixY,, whose order is n x n with each entry Y,,=[yl.j], for

eachij=1, 2, 3, ..., n,isdefined as

B B

y w1y~ Bioj ()

i Pij
From equation (7) we get the value of y, 1=x1,y1j=0 for each j>2,y, =x, — kxy, », 2=x%, ,y2J=0f0r each j>3,

and for each i,jzz,yij:B,-J — B, — B;_,;. Based on the definition of the matrix Y, in equation (7), the Bell’s

J

polynomial matrix in equation (2) and the k-Fibonacci matrix in equation (4) Theorem 8 can be stated.

Theorem8 Bell's polynomial matrix B,can be grouped into B,=F,(k)Y, .
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Proof. Since the k-Fibonacci matrix has an inverse, it can be proven that
Y,=F, (KB, (8)

Let E; 1 (k) be the inverse of the k-Fibonacci matrix defined in equation (5) obtained by the main diagonal of the
inverse matrixF, ! (k) =1. Then, based on the Bell’s polynomial matrix in equation (2) the main diagonalmatrix
B, = xi is obtained. By paying attention to the left-hand side of equation (7), if i = jthen yi‘],=x"1 and ifi >

jtheny; ; = 0. So for i > 2 based on equation (5) and equation (2) the values of y; ; can be evaluated as follows:

Vij = fli(k)B;j + fiio1()Bi_yj + fiica(K)Bisj + fii-3(k)Bi_5 j + -+ fin (k) By, j,

n
Yij = Zfifk(k)Bk,j-
=1

So E; ' (k)B,, =Y, is obtained. Furthermore, from the definition of the matrix Y, in equation (7), the Bell’s

polynomial matrix B,, in equation (2) and the k-Fibonacci matrix in equation (4), B, = E,(k). [
3.2 The Second Relationship for the Bell’s Polynomial Matrix and the K-Fibonacci Matrix

Based on the Bell’s polynomial matrix in equation (2) and the inverseofk-Fibonacci matrix in equation (5), for n

= 2 multiplying the Bell’s polynomial matrix B, and the inverse k-Fibonacci matrix F; ' (k)yields

_ xi 01r1 0
Bzel(k):x; x%] [—k 1]'

Thus, the product of B,F; ' (k) is expressed as a matrixZ,, so matrixZ,is obtained as follows:

X1 0
Zzz ]

2 2f-
) —hkxp X

Furthermore, for n = 3 multiplying the Bell’s polynomial matrix B; and inverse k-Fibonacci matrix £5 ' (k) gives

X 0 0 1 0 0
BiF;' ()= [x, «x 0 [—k 1 Ol.
Sll-1 -k 1

2
1
X3 3X1X2
Thus, the product of B3F5 ' (k) is expressed as a matrix 3, so matrix Z; is obtained as follows:

X1 0 0
Z4= x; — ka? x? 0
x3 — 3kxyxy —x7 3xyx, —kxi X}

Furthermore, for n = 4 by multiplying the Bell’s polynomial matrix B,and the inverse k-Fibonacci matrix F; ' (k)
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produces

X 02 0 0] 1 0 0 0

_ x) Xy 0 Ofl—k 1 0 o0
BJF; (k)= )
(0 |x3 3x,%, x o| -1 =k 1 0
4 4xx; +3x3 6xdx, x?J 0 -1 —k 1

Thus, the product of B,F; ' (k) is expressed as a matrixZ,, so a matrixZ, is obtained as follows:

[ X 0 0 0]
| X, — kx? x? 0 0l
%= x3 — 3kx;xy — x3 3w, — ko x3 0l

x4 — dkxx; — 3k} — 6x3x,  Axyxs +3x3 — 6kt —xt 6xdx, —kxt xf

By paying attention to each entry in the matrix Z,there is a matrixZ; and by paying attention to each entry in the

matrixZ; there is a matrixZ,, for i>jall values of thematrixZ, entries are listed as Table 2.

Table 2: Element values for matrixZ,

MatrixZ, Entry MatrixZ, Entry Value
Z11 (DB,1=B,,
222 (1)32,2=Bz72
233 (1)B33=B; 3
Z4s (1)By4=B44
1 ()By) + (—k)By,=B,, — kB, ,
Z32 (B3 + (—k)B33=B3, — kB33
Z43 (DBy3 + (—k)By4=Bys3 — kByy
Z3,] ()B31 + (=k)B3 5 + (—k)B33=B3 ) — kB3, — B3
Z4 (DByy + (—k)By3+ (—1)By4=Bsy — kByz — Bya
Zy) (DB + (k)Byy + (—1)By3 + (0)By4=B4) — kBypy — B3 — 0
Zjj =B,; — kBjj+1 — Bij+2

Furthermore, by considering each step of Table 3.2 by paying attention to each entry of the matrix z;; and the

value of the matrixZ,, Definition 9 can be stated.

Definition9For each natural number n, the matrix Z, whose order isnxn with each entry Z,=[z;;], for each

ij=1,2,3, ..., n, is defined as

2;;=B;; — Bijs1 — Bijs2- 9)
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From equation (9) we get the value z, ,=x,, z, ;=0 for eachj>2, z, ;=x, — kx1, z,,=x1, and z, ;=0for each;>3, and

for each ij>2, z; =B;; — B; ;11 — B;;+,. Based on the definition of the matrix Z, in equation (9), the Bell’s

ij

polynomial matrix in equation (2) and the k-Fibonacci matrix in equation (4) Theorem 10 can be stated.
Theorem10The Bell’s polynomial matrix can be grouped intoB,=Z,F, (k).

Proof.Because the k-Fibonacci matrix has an inverse, it will be proven that

Z, = B E;7 (k).

Let E; ! (k)be the inverse of the k-Fibonacci matrix defined in equation (5) obtained by the main diagonal of the
inverse matrixE; ! (k) = 1. Furthermore, based on the Bell’s polynomial matrix in equation (2) the main
diagonal matrix B, = x{'is obtained. By paying attention to the left-hand side of equation (9), if i = j then
Zj = x!and i > jthen z;j = 0. So fori > 2based on equation (2) and equation (5) the values ofz; ; can be

evaluated as follows:

zij = By jfj ;U0 + By jy1fis1,j(k) + Bijiafiizj(k) + By jusfies j(K) + -+ Binfy j(k),

n
Zij = Z Bi,kfk’,j(k)-
k=1

So B,F; ' (k) = Z, is obtained. Furthermore, from the definition of the matrix Z,in equation (9), the Bell‘s

polynomial matrix in equation (2) and the k-Fibonacci matrix in equation (4), B, = Z,F, (k). [ ]
4. Conclusion

This paper discusses the relationship between the Bell’s polynomial matrix and the k-Fibonacci matrix. Then,
from the relationship between the two matrices, two matrix equations are obtained. The first equation is denoted
by Y, resulting from the multiplication of the matrix ¥, (k)B, and the second is denoted by Z, resulting from
the matrix productB, F, ' (k). Furthermore, using matrix Y, it is showed that the Bell’s polynomial matrix B, can
be expressed by B, = Y F;"'(k)and using matrixZ, shows that the Bell’s polynomial matrix B, can be expressed
asB, =F;'(k)Z, . For further research, it can be carried out a research on the relationship of Bell’s polynomial

matrix and k-Tribonacci matrix and the relationship of Bell’s polynomial matrix and k-Stirling matrix.
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