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Abstract

The unsteady flow of an incompressible viscous fluid contained in a cylinder of infinite length, subject to
longitudinal and torsional oscillations of different frequencies is examined. Analytical expressions for the

velocity field, shear stresses, drag on the cylinder, work done and the drag coefficients are obtained.
Keywords: Viscous; unsteady flow; Longitudinal; Torsional; Oscillation; Different Frequencies.
1. Introduction

As early as 1886, an exact solution for the velocity field due to an infinite rod rotating in a Newtonian fluid was
determined by Stokes [1]. Later, Casarella and Laura [2] determined analytical expressions for the velocity
components of a Newtonian fluid and the viscous drag forces acting on a cylindrical rod-like cable which is
undergoing both longitudinal and torsional oscillations. Ramkissoon and Majumdar [3] looked at the
corresponding internal problem to that done in [2], and determined the corresponding results. A modification to
[3], which considered independent amplitudes of the oscillations, was looked at by Phillips and Rahaman [4],
here, expressions for the velocity field, shear stresses, drag forces, drag coefficient and work done by the drag
forces were obtained. Due to much interests in the field of non-Newtonian fluids and the important applications
of such, Calmelet-Eluhu and Majumdar [5] considered the problem for a micropolar fluid. Analytical
expressions of the fluid velocity and micro-rotation were obtained, along with explicit expressions for the shear
stresses and drag force acting at the wall of the cylinder. Rahaman [6] considered a similar situation using an
upper-convected Maxwell fluid; the velocity field, shear stresses and drag were obtained and comparisons made

with its Newtonian counterpart.
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Reference [7] considered the case for different frequencies of oscillations with an Oldroyd-B fluid, analytic
solutions were obtained for the velocity components, shear stresses and drag on the cylinder. Different
frequencies was also considered by [8] for a micropolar fluid, analytical expressions for the velocity and
microrotation components were obtained in terms of modified Bessel's functions, along with the drag force
acting on the wall of the cylinder. The main objective of this research is to investigate an extension to that done
by [3], in particular, the longitudinal and torsional oscillations of the cylinder is considered to have different
frequencies. Analytical expressions for the velocity field, shear stresses, drag on the cylinder, work done and
the drag coefficient are obtained. The behaviour of the velocity components, the drag and the work done are

illustrated graphically and conclusions made.
2. Statement of the Problem.

The unsteady flow of an incompressible viscous fluid contained in a cylinder which is infinite in length and
radius ‘a’, is undergoing longitudinal and torsional oscillations with different frequencies. Due to the nature of
the flow, cylindrical polar coordinates, (R, 8, z), will be used, with the axis of the cylinder coinciding with the z

axis. Similar to that done in [2] and [3], the velocity of the cylinder, qp. R =a takes the form,
qp = qo cos B cos(Q,t) 6 + qo sin B cos(Q,t)2 (2.1)
where qq, 8, Q, and ., are real constants.

It is noted that when 8 = 0 or m the oscillations are purely torsional and when g =§ or%’I they are purely

longitudinal. Due to the motion of the cylinder, it is fair to assume that the radial component of the fluid’s
velocity is zero. Further, it will be assumed that the flow is axisymmetric about the z-axis. Hence, the velocity
of the fluid takes the form,

q=V(R, )8 +w(R,t) R (2.2)
Since the fluid is incompressible, the continuity equation [9] is,
V-g=0 (23)
which is satisfied by (2.2).
In the absence of external forces, the Navier-Stokes equation [9] to be solved is,
—%Vp+vvzg=2—% (Q‘V)ﬂ (2.9)

where p is the density, p is the pressure and v is the kinematic viscosity.
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3. Velocity Components, Stresses and Drag

On substituting (2.2) into (2.4) gives the following linear system of equations,

10p _ v?
o~ TE 31)
10v 9%v v av
vt ) =5 (3.2)
10w 22w ow
(3 +5%) =5 (3.3)
Assuming that the & component of the velocity field takes the form,
(3.4)

v(R, t) = Re[f(R)e']
where Re refers to the real part, along with the fact that the velocity must remain finite as R — 0, one gets, on

solving (3.2) and using the no-slip condition with (2.1),

v(R,t) = Re [qo cosﬁjlggzgemlt (3.5)

Q
where o, = /71

In a similar manner, the Z component of the velocity is,

w(R,t) = Re [qo smﬁi"gizg eif2t (3.6)

Q
where o, = /72

The tangential stresses on the wall of the cylinder are given by [10],

3.7)

_ v v
Trolr=a = 1 R Rlpq

TrzIlR=a = U [% (38)

Substituting (3.5) into (3.7) gives for the torsional stress on the cylinder’s wall,

Vi Io(Via )——I (Viaq)
Tze = Re [u go cos f—— 11(\1/2011)1 L eitat (3.9)
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where a; = 0;a.
Also, substituting (3.6) into (3.8) gives for the longitudinal stress on the cylinder’s wall,

. Vigy (Vi i
TR, = Rel|uqo smﬁ%(a:;z) elfat (3.10)

where a, = o0,a.
The tangential drag per unit length acting on the cylinder is given by [3],

D= —27Ta(‘rR9 0+ 1z, 2)|R=a (3.11)
which on using (3.9) and (3.10) gives,

Vioy Io(ﬁal)—% 1;(Viay)
11 (Viay) ¢

03¢ § 4 gin g V1210122 iaye 4 (3.12)

D = —2mauqyRe [cos To(Viaz)

It is noted that in the case of the same frequencies of oscillations, (3.5), (3.6), (3.9), (3.10) and (3.12) reduce to
that obtained in [3].

4. Alternative Expressions for the Velocity and Stress Components

Using that given in [11], one gets in terms of the real-valued Kelvin functions ber, x and beix,

e"2"1,(VioR) = ber, (—aR) + i bei, (~oR) “n
From [11],
ber,(—x) = (—)"berx, bei,(—x) = (—)"beix 2

which on using in (4.1), gives,

I,(VioR) = bery(aR) + i beiy (6R) (4.3)
and

i I,(VioR) = ber,(oR) + i bei;(dR) (4.4)

If M, (x) and 6,,(x) are the modulus and argument respectively of I, (x) then [11],

M, (x) = \/ber2(x) + bei? (x) (4.5)
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0,(x) =tan™?! (zlz—Zi) (4.6)
which gives,

Iy(VioR) = My(aR)e'% R (4.7
and

L, (VioR) = —i M;(oR)e%: (R (4.8)
resulting in,

v(R,t) = Re %e"[‘gl("l’?)‘gl(“l)]q0 cos B emlt] (4.9)
and

w(R,t) = Re %e"[‘90("2’2)‘90(“2)]q0 sin B emzf] (4.10)

It is observed again that for the same frequencies of oscillations, (4.9) and (4.10) reduce to that obtained in [3].

Similarly, from (3.9),

Trolr=a = %’llqo cosﬁ%L cos(Qqt + 6) (4.11)
where
L? = (cosr) — i%)z + sin 7 (4.12)
tand = —90 (4.13)
COSN™ a1 Mo(ar)
n = 0y(ar) — i (a;) + (4.14)

Also, from (3.10),

_ By . Mq(az)
Thalrea = “22 o 5in f 2D cos(M, ¢ +§) (4.15)
where
& =0i(az) — 0p(az) _% (4.16)
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5. Work Done and the Drag Coefficient

(3.11) can be written as,

D = —2ma(Tcos¢ 8 + Tsin ¢ 2) (5.1)
where

Trolr=q = T cOS P (5.2)
and

Trzlr=a = T'sin¢ (5.3)

Using (3.9) and (3.10), it follows that,

2
Vioy Io(Vias)- 21y (Vi : sty (V i0,t])°
T2 — ( Re[ iy Io( Il:z\l/ziala)h( iay) iy COS,B eznlt]> + ( Re [%MCIO sinB elﬂzt]) (5.4)

and, with the use of (5.2) and (5.3),

‘/—0211(\/—0‘2) in t
Re Uqo sinf e***2
ng = | ol T / [ (5.5)

Vioy Io(ﬁal)—éll(\ﬁal)
1 (Viay)

fqo cos f§ et

The work done on the fluid per half-cycle of motion is [3],

s

QA
W= - [;’D-q(at)dt (5.6)
where j = 1, 2 refers to the torsional and longitudinal motions respectively.

With the use of (2.1) and (3.12), (5.6) gives the work done, W; , by the drag force, D, per half cycle of torsional

and longitudinal motion as,

VV].:

Vioy Io(ﬁal)—éll(\/{aﬂ o
—mauqd [Re{ Vi) cos(Q,t) cos? B I(Q, Ql)} +

Re {% cos(Q,t) sin® B I(Qy, QZ)}] ;

where
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L
Qj

I(9,0) = 2[ e cos(Qt) dt =

0

)\ . (1 . 2 (1) .
Qj cos <Q_]> sin <ﬁ]) + Q) — 1Qj cos (Fj) + l.Qj

QQ

(5.8)

Substituting (2.1) and (5.1) into (5.6) gives an alternative expression for the work done,

i
Q;

W; = 2maq, f T[cos ¢ cos B cos(;t) + sin ¢ sin B cos(Q,t)] dt

0
(5.9)
It is noted that for the same frequencies of oscillations, this reduces to that obtained in [3].

The drag coefficient, C, can be obtained by equating the work done on the fluid by a hypothesized drag force,
which is given by [3],

Dy =—Cql(cosB O + sin B 2)

Using this in (5.6) and equating it to (5.7) gives on solving,

Vioy Io(Viay) - 2 1,(Viay)
I (\/icﬁ)

\/70'211(\/7052)
10(\/7052)

—mauq? |Re cos(Q,t) cos? B 1(Q;,Q,) ¢ + Re{ cos(Q,t) sin? B I(1y, QZ)} /

Vs
[n—j
lf [g#* cos™? B cos™ 1 (Qqt) + g cos? B cos™(Q,t) sin™ B cos(Q; t)
|°
]|
+ qo sin™*?2 B cos™ 1 (Q,t)+qftt cos™ B cos™(Q, t) sin? B cos(Q,t)] dt

(5.10)

An alternate expression for the drag coefficient is obtained by substituting (5.9) into (5.6) which gives,
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T

J

Q
C = 2magq, f T[cos ¢ cos B cos(Q,t) + sin ¢ sin B cos(Q,t)] dt/
0

U1

Q:

|r
[f [q8*1 cos™2 B cos™ 1 (Q,t) + g cos? B cos™(Q,t) sin™ B cos(Q;t)
0

|

+ qo sin™*?2 B cos™ 1 (Q,t)+qf+t cos™ B cos™(Q,t) sin? B cos(Q,t)] dtl

(5.11)

In the case when that frequencies of oscillations are the same, one gets that obtained in [3].
6. Graphical Results

For the following graphs, the effects of having independent oscillating frequencies is examined. Due to some
practical oceanographic problems, [2] gives, 1 < g_sz <10Hz and 9.30 X 1077 <v < 1.86 X 1077 m?s~!

Hence, based on this, the values ; and v have been chosen. It should be noted that various values of a;

correspond to different frequencies.

Figures 1 and 2 illustrate the effects of different frequencies of oscillations in the torsional and longitudinal
directions of the velocity components respectively. The torsional frequency is taken to be the same as that in
[3], which is different to the higher frequency longitudinal oscillation in figure 2. It is observed, when also
comparing with figure 4 which has the same longitudinal frequency as in [3], that the magnitude of the higher
frequency longitudinal component of the velocity field is smaller closer to the centre of the cylinder. As a
result, the overall velocity field in this case would have a greater contribution from the torsional component. The
general characteristic shapes of the curves are however similar. Figures 3 and 4 also show the effects of
different frequencies of oscillations in the torsional and longitudinal directions of the velocity components

respectively.
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The longitudinal frequency is now taken to be the same as that in [3], which is different to the torsionafrequency
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in figure 3. It is observed, when also comparing with figure 1, which has the same torsional frequency as in [3],

that the magnitude of the higher frequency torsional component of the velocity field is smaller closer to the
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centre of the cylinder. As a result, the overall velocity field in this case would have a greater contribution from
longitudinal component. The general characteristic shapes of the curves are again similar. As a result, it seems
that in each case of different frequencies, that with the higher one seems to suppress the magnitude of that

component of the velocity field closer to the centre of the oscillating cylinder.

In figures 5 and 6, the & component of the drag is depicted graphically for different values of a;. Similarly,
figures 7 and 8 display the Z component of the drag for different values of a,. The magnitude of the drag in the
6 direction oscillates between negative values, while the magnitude in the 2 direction oscillates between
positive and negative values. It is noted that for each component, when the oscillating frequencies increase,

such results in an increase in the respective magnitudes.
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In Figure 9, the work done in the 8 direction is depicted graphically, where two scenarios are considered; a plot
when Q, = 30 and Q, = 60, and another when Q, = 60 and Q, = 30. Both graphs are periodic and it is
observed that the magnitudes are negative, with the amplitude for Q; = 30 and Q, = 60 being greater than that
for Q, = 60 and Q, = 30, which indicates more work is being done. In figure 10, the work done in the Z
direction is examined for two cases, in particular, when Q; =30 and Q, = 60, and when Q, = 60 and
Q, = 30. These plots appear to be periodic, each with a negative magnitude. The amplitude of the work done in
this Z direction when Q; = 60 and Q, = 30 is observed to be larger than when Q; = 30 and Q, = 60, which

shows that more work is being done.
6. Conclusion

The velocity of the fluid is affected if the frequencies of the cylinder’s oscillations are different, as was observed
when compared to when the frequencies were the same. In particular, it was noted that the higher oscillating
frequency tended to suppress the magnitude of the corresponding component of the velocity field closer to the
centre of the cylinder. The magnitude of the drag increased with an increase in the oscillating frequency. The
work done in the @ direction is more when the torsional frequency is less than that of the longitudinal one. In
the Z direction, the work done is less when the longitudinal frequency is more than that of the torsional

oscillation.
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